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Introduction

Group rings

Definition
G group, A ring. The group ring is

ArG s “ ‘gPGAg

with the product
ag ¨ bh “ pabqpghq

@a, b P A; g , h P G
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Introduction

CUT groups

˘G “ ttrivial units of ZrG su.
˘Z pG q “ ttrivial central units of ZrG su.

˘Z pG q Ď Z pUpZrG sqq “ UpZ pZrG sqq.

Definition
G is CUT (Central Units are Trivial) if Z pUpZrG sqq “ ˘Z pG q.

Objective: characterise CUT groups.
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Introduction

Characterisations

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
5 G is inverse semi-rational.
6 For each g P G , Qpgq is contained in an imaginary quadratic field.
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Characterisations (1) iff (2)

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
5 G is inverse semi-rational.
6 For each g P G , Qpgq is contained in an imaginary quadratic field.

p1q ùñ p2q is obvious.

p1q ðù p2q based on Berman-Higman’s theorem.
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Characterisations (1) iff (2)

Group representations and characters

Definition
F field, G group. An F -representation of G is a group homomorphism
ρ : G Ñ GLnpF q.
The character afforded by ρ is

χ : G ÝÑ F

g ÞÝÑ χpgq “ trpρpgqq.

ρ and χ can be linearly extended to F rG s.

Extended ρ is an algebra homomorphism.
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Characterisations (1) iff (2)

Regular character
Example

F rG s is an F -algebra and an F rG s-module called the regular
F rG s-module.

B F -base of F rG s.

λ : F rG s ÝÑ EndF pF rG sq

a ÞÝÑ λpaq “ px ÞÑ axq.

ρpgq :“MBpλpgqq is a regular F -representation.
ρ affords the regular character φ.

@g P G φpgq “

#

0 if g ‰ 1;
|G | if g “ 1.
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Characterisations (1) iff (2)

α “
ř

gPG agg P ZrG s Ď CrG s, a1 ‰ 0
and αm “ 1 for some m P Z.

ρpαqm “ Id ùñ
DP : P´1ρpαqP “ diagpε1, . . . , ε|G |q.
Each εi is a root of unity, so |εi | “ 1.

|G |a1 “ φpαq “
ř|G |

1 εi P |G |Z.
ε1 “ ¨ ¨ ¨ “ ε|G | “ ˘1.
ρpαq “ ˘ Id ùñ α “ ˘1.
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ř|G |

1 εi P |G |Z.
ε1 “ ¨ ¨ ¨ “ ε|G | “ ˘1.
ρpαq “ ˘ Id ùñ α “ ˘1.

Theorem (Berman-Higman’s theorem)

G finite, α “
ř

gPG agg P ZrG s, a1 ‰ 0 and
α of finite order ùñ α “ ˘1.
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Characterisations (1) iff (2)

α “
ř

gPG agg P Z pZrG sq, ah ‰ 0 and αm “ 1 for some m P Z.

Then αh´1 “ ˘1, and thus α “ ˘h with h P Z pG q.

Corollary

0 ‰ α P Z pZrG sq, α of finite order ùñ α P ˘Z pG q.
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Characterisations (2) iff (3)

IrrpG q “ tχ1, . . . , χku irreducible complex characters

QrG s “ ‘r
i“1fiQrG s.

f1 ` ¨ ¨ ¨ ` fr “ 1 primitive central idempotents.

For each χ P IrrpG q D!fi : χpfi q ‰ 0, denoted by eQpχq.

Theorem
χ P IrrpG q, then Z peQpχqQrG sq is Q-isomorphic to

Qpχq :“ Qpχpgq|g P G q.
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Characterisations (2) iff (3)

Dirichlet’s Unit Theorem

Theorem (Dirichlet’s Unit Theorem)

K number field,
AK its ring of integers,
r real and 2s complex homomorphisms K Ñ C.

UpAK q –W ˆ Zr`s´1,

where W is finite.

Corollary

UpAK q finite ðñ K Ď F : F is a quadratic imaginary field.
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Characterisations (2) iff (3)

χ P IrrpG q, f “ eQpχq

Z pfQrG sq

UpAQpχqq AQpχq Qpχq
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Characterisations (2) iff (3)

Definition
A Q-algebra, O is an order in A iff O is a subring of A, its additive group is
finitely generated and O contains a Q-base of A.

Theorem
A is a Q-algebra, O,O1 orders in A, then:

O XO1 is an order in A;
rUpOq : UpO XO1qs ă 8.

Thus, UpOq is finite if and only if UpO1q is finite.
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Characterisations (2) iff (3)

Z pZrG sq is an order in Z pQrG sq.

‘iZ pfiZrG sq is an order in Z pQrG sq.

Corollary

UpZ pZrG sqq is finite if and only if ‘iUpZ pfiZrG sqq is finite.
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Characterisations (2) iff (3)

χ P IrrpG q, f “ eQpχq

UpZ pf ZrG sqq Z pf ZrG sq Z pfQrG sq

UpAQpχqq AQpχq Qpχq
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Characterisations (2) iff (3)

Orders

Z pf ZrG sq is an order in Z pfQrG sq.

AQpχq is an order in Qpχq.
Q-isomorphisms preserve order structures.

UpZ pf ZrG sqq Z pf ZrG sq Z pfQrG sq

UpAQpχqq AQpχq Qpχq

finite if and only
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Characterisations (2) iff (3)

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
5 G is inverse semi-rational.
6 For each g P G , Qpgq is contained in an imaginary quadratic field.
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Characterisations (3) iff (4)

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
5 G is inverse semi-rational.
6 For each g P G , Qpgq is contained in an imaginary quadratic field.

p3q ðñ p4q proof by Ritter and Sehgal.
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Characterisations (3) iff (4)

4 ùñ 3.

n “ |G |, ξ primitive n-th root of 1, χ P IrrpG q and σ P GalpQpχq{Qq.

σ extends to σ̃ P GalpQpξq{Qq, given by ξ ÞÑ ξj with pj , nq “ 1.
χσ :“ σ ˝ χ P IrrpG q.
χσpgq “ χpg jq P tχpgq, χpg´1q “ χpgqu.

By linear independence of IrrpG q

GalpQpχq{Qq Ď tidentity, conjugationu.

Pablo Miralles González CUT groups June 21, 2022 24 / 33



Characterisations (3) iff (4)

4 ùñ 3.

n “ |G |, ξ primitive n-th root of 1, χ P IrrpG q and σ P GalpQpχq{Qq.

σ extends to σ̃ P GalpQpξq{Qq, given by ξ ÞÑ ξj with pj , nq “ 1.

χσ :“ σ ˝ χ P IrrpG q.
χσpgq “ χpg jq

P tχpgq, χpg´1q “ χpgqu.

By linear independence of IrrpG q

GalpQpχq{Qq Ď tidentity, conjugationu.

Pablo Miralles González CUT groups June 21, 2022 24 / 33



Characterisations (3) iff (4)

4 ùñ 3.

n “ |G |, ξ primitive n-th root of 1, χ P IrrpG q and σ P GalpQpχq{Qq.

σ extends to σ̃ P GalpQpξq{Qq, given by ξ ÞÑ ξj with pj , nq “ 1.
χσ :“ σ ˝ χ P IrrpG q.

χσpgq “ χpg jq

P tχpgq, χpg´1q “ χpgqu.

By linear independence of IrrpG q

GalpQpχq{Qq Ď tidentity, conjugationu.

Pablo Miralles González CUT groups June 21, 2022 24 / 33



Characterisations (3) iff (4)

4 ùñ 3.

n “ |G |, ξ primitive n-th root of 1, χ P IrrpG q and σ P GalpQpχq{Qq.

σ extends to σ̃ P GalpQpξq{Qq, given by ξ ÞÑ ξj with pj , nq “ 1.
χσ :“ σ ˝ χ P IrrpG q.
χσpgq “ χpg jq

P tχpgq, χpg´1q “ χpgqu.

By linear independence of IrrpG q

GalpQpχq{Qq Ď tidentity, conjugationu.

Pablo Miralles González CUT groups June 21, 2022 24 / 33



Characterisations (3) iff (4)

4 ùñ 3.

n “ |G |, ξ primitive n-th root of 1, χ P IrrpG q and σ P GalpQpχq{Qq.

σ extends to σ̃ P GalpQpξq{Qq, given by ξ ÞÑ ξj with pj , nq “ 1.
χσ :“ σ ˝ χ P IrrpG q.
χσpgq “ χpg jq P tχpgq, χpg´1q “ χpgqu.

By linear independence of IrrpG q

GalpQpχq{Qq Ď tidentity, conjugationu.

Pablo Miralles González CUT groups June 21, 2022 24 / 33



Characterisations (3) iff (4)

4 ùñ 3.

n “ |G |, ξ primitive n-th root of 1, χ P IrrpG q and σ P GalpQpχq{Qq.

σ extends to σ̃ P GalpQpξq{Qq, given by ξ ÞÑ ξj with pj , nq “ 1.
χσ :“ σ ˝ χ P IrrpG q.
χσpgq “ χpg jq P tχpgq, χpg´1q “ χpgqu.

By linear independence of IrrpG q

GalpQpχq{Qq Ď tidentity, conjugationu.

Pablo Miralles González CUT groups June 21, 2022 24 / 33



Characterisations (3) iff (4)

3 ùñ 4.

T pgq : IrrpG q ÝÑ C
χ ÞÝÑ T pgqpχq “ χpgq.
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Characterisations (3) iff (4)

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
5 G is inverse semi-rational.
6 For each g P G , Qpgq is contained in an imaginary quadratic field.

Pablo Miralles González CUT groups June 21, 2022 26 / 33



Characterisations (4) iff (5)

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
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6 For each g P G , Qpgq is contained in an imaginary quadratic field.

Pablo Miralles González CUT groups June 21, 2022 27 / 33



Characterisations (4) iff (5)

G is inverse semi-rational.
õ

For each g P G and h generator of 〈g〉, h „ g or h „ g´1.

õ if G finite

For each g P G and j P N coprime with opgq, g j „ g or g j „ g´1.

õ

For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
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Characterisations (4) iff (5)

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
5 G is inverse semi-rational.
6 For each g P G , Qpgq is contained in an imaginary quadratic field.
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Characterisations (5) iff (6)

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
5 G is inverse semi-rational.
6 For each g P G , Qpgq is contained in an imaginary quadratic field.

Qpgq “ Qpχpgq|χ P IrrpG qq.

Proof by Bächle.
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Characterisations (5) iff (6)

g P G , n “ opgq, ξ primitive n-th root of 1.

σj P GalpQpξq{Qq given by ξ ÞÑ ξj with pj , nq “ 1.
τj P Autp〈g〉q given by g ÞÑ g j with pj , nq “ 1.

φ : GalpQpξq{Qq ÝÑ Autp〈g〉q
σj ÞÝÑ φpσjq “ τj .

Restricts to

GalpQpξq{Qpgqq Ø tg ÞÑ hgh´1|h P NG p〈g〉qu.
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Characterisations (5) iff (6)

Theorem
G finite group. The following statements are equivalent:

1 G is CUT.
2 Z pUpZrG sqq is finite.
3 For each χ P IrrpG q, Qpχq is contained in an imaginary quadratic
field.

4 For each g P G and j P N coprime with |G |, g j „ g or g j „ g´1.
5 G is inverse semi-rational.
6 For each g P G , Qpgq is contained in an imaginary quadratic field.
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Characterisations Gratitude

Thank you for your attention!
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