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Group rings

Definition

G group, A ring. The group ring is
A[G] = BgecAg

with the product
ag - bh = (ab)(gh)

Va,be A;g,he G
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o s
CUT groups

G = {trivial units of Z[G]}.

° +
e +Z(G) = {trivial central units of Z[G]}.
+2(6) = ZU(Z[G])) = U(Z(Z[G])).

Definition
G is CUT (Central Units are Trivial) if Z(U(Z[G])) = £Z(G).

Objective: characterise CUT groups.
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Introduction

Characterisations

Theorem
G finite group. The following statements are equivalent:
Q@ GisCUT.
Q@ Z(U(Z[G))) is finite.
@ For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

Q Foreach ge G and j € N coprime with |G !

gl ~gorg/ ~gL.

© G is inverse semi-rational.

@ fFor each g € G, Q(g) is contained in an imaginary quadratic field.
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Characterisations [ESNI{NEI]

Theorem
G finite group. The following statements are equivalent:
Q@ GisCUT.
@ Z(U(Z|G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

© foreach ge G and j € N coprime with |G !

g ~gorgl~gt

© G is inverse semi-rational.

O Foreach g e G, Q(g) is contained in an imaginary quadratic field.

(1) = (2) is obvious.

(1) < (2) based on Berman-Higman's theorem.
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@ (2

Group representations and characters

Definition

F field, G group. An F-representation of G is a group homomorphism
p: G — GLy(F).

The character afforded by p is

x:G— F
g— x(g) = tr(p(g))-

p and x can be linearly extended to F[G].

Extended p is an algebra homomorphism.
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Characterisations [ESNI{NEI]

Regular character
Example

e F[G] is an F-algebra and an F[G]-module called the regular
F[G]-module.

v
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Characterisations [ESNI{NEI]

Regular character
Example

e F[G] is an F-algebra and an F[G]-module called the regular
F[G]-module.

e B F-base of F[G].

v
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Characterisations [ESNI{NEI]

Regular character
Example

e F[G] is an F-algebra and an F[G]-module called the regular
F[G]-module.

e B F-base of F[G].

\: F[G] —> Endr(F[G])

ar— Aa) = (x — ax).
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e F[G] is an F-algebra and an F[G]-module called the regular
F[G]-module.

e B F-base of F[G].

\: F[G] —> Endr(F[G])

ar— Aa) = (x — ax).

e p(g) == Mp(\(g)) is a regular F-representation.

Pablo Miralles Gonzalez CUT groups June 21, 2022

10/33



Characterisations [ESNI{NEI]

Regular character
Example

e F[G] is an F-algebra and an F[G]-module called the regular
F[G]-module.

e B F-base of F[G].

\: F[G] —> Endr(F[G])

ar— Aa) = (x — ax).

e p(g) == Mp(\(g)) is a regular F-representation.

e p affords the regular character ¢.

Pablo Miralles Gonzalez CUT groups June 21, 2022

10/33



Characterisations [ESNI{NEI]

Regular character
Example

e F[G] is an F-algebra and an F[G]-module called the regular
F[G]-module.

e B F-base of F[G].

\: F[G] —> Endr(F[G])

ar— Aa) = (x — ax).

e p(g) == Mp(\(g)) is a regular F-representation.
e p affords the regular character ¢.

o
0 if g #1;

veee dw:{@|ﬁg=L
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Characterisations [ESNI{NEI]

© a=3,.38€Z[G] = C[G], a1 #0
and o™ =1 for some me Z.
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Characterisations [ESNI{NEI]

© a=3,.38€Z[G] = C[G], a1 #0
and o™ =1 for some me Z.

° p(@)" =1d =
AP : P~ 1p(a)P = diag(cy, ... S€1G))-
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Characterisations [ESNI{NEI]

© a=3,.38€Z[G] = C[G], a1 #0
and o™ =1 for some me Z.

° p(@)" =1d =
AP : P~ 1p(a)P = diag(cy, ... S€1G))-

e Each ¢; is a root of unity, so |¢;| = 1.
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@ (2

o a=>,c%8€LG]=C[G], a1 #0
and o™ =1 for some me Z.

° p(a)"=1d =
AP : P 1p(a)P = diag(ey, . .. S€16))-
@ Each ¢; is a root of unity, so |¢;| = 1. ]

o |Glay = p(a) = 1 e; € 1G|Z.
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Characterisations [ESNI{NEI]

o a=>,c%8€LG]=C[G], a1 #0
and a™ =1 for some m € Z.

° p(a)"=1d =
AP : P 1p(a)P = diag(ey, . .. S€16))-

@ Each ¢; is a root of unity, so |¢;| = 1. ]
G

o |Glay = p(a) = 1 e; € 1G|Z.

@& =~ :€|G\ = +1.
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@ (2

o a=> c%8€LG]=C[G], a1 #0
and o™ =1 for some m € Z.

o p(a)"=1d =
3P : P 1p(a)P = diag(e1,...,€|q))-

e Each ¢; is a root of unity, so |g;| = 1.
G
o |Glay = p(a) = Y1 e; €162
IGI
@1 =--- :€|G| = +1.

° pla) =*ld = a=+1.

Theorem (Berman-Higman's theorem)

G finite, « = X, agg € Z[G], a1 # 0 and
a of finite order = o = +1.
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Characterisations [ESNI{NEI]

=238 € Z(Z[G]), ap # 0 and o™ = 1 for some m € Z.

Pablo Miralles Gonzalez CUT groups June 21, 2022 12/33



Characterisations [ESNI{NEI]

=238 € Z(Z[G]), ap # 0 and o™ = 1 for some m € Z.

Then ah™! = £1, and thus a = £h with h e Z(G).
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@ (2

=238 € Z(Z[G]), ap # 0 and o™ = 1 for some m € Z.
Then ah™! = £1, and thus a = £h with h e Z(G).

Corollary
0 # a e Z(Z|G]), « of finite order — a € +Z(G). J
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Characterisations [ESNI{NEI]

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z|G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

@ Foreach ge G and j € N coprime with |G !

gl ~gorgl~gL

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.
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[SLETETS LRI (2) iff (3)

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z|G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

@ Foreach ge G and j € N coprime with |G !

gl ~gorgl~gL

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.
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[SLETETS LRI (2) iff (3)

Irr(G) = {x1,- .-, Xk} irreducible complex characters
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(@) (3

Irr(G) = {x1,- .-, Xk} irreducible complex characters

Q[G] = @1 fiQ[G].
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Characterisations (2) iff (3)

Irr(G) = {x1,- .-, Xk} irreducible complex characters

Q[G] = @1 fiQ[G].

fi+---+ f, = 1 primitive central idempotents.

For each x € Irr(G) 3!f; : x(fi) # 0, denoted by eg(x).
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[SLETETS LRI (2) iff (3)

Irr(G) = {x1,- .-, Xk} irreducible complex characters

Q[G] = @1 fiQ[G].

fi+---+ f, = 1 primitive central idempotents.

For each x € Irr(G) 3!f; : x(fi) # 0, denoted by eg(x).

Theorem
X € Irr(G), then Z(eg(x)Q[G]) is Q-isomorphic to

Q(x) == Q(x(g)lg € G).
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[SLETETS LRI (2) iff (3)

Dirichlet's Unit Theorem

Theorem (Dirichlet's Unit Theorem)

e K number field,
o Ay its ring of integers,
@ r real and 2s complex homomorphisms K — C.

U(Ak) = W x z" 571

where W is finite.
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[SLETETS LRI (2) iff (3)

Dirichlet's Unit Theorem

Theorem (Dirichlet's Unit Theorem)

e K number field,

o Ay its ring of integers,

@ r real and 2s complex homomorphisms K — C.
U(Ak) = W x z" 571

where W is finite.

Corollary

U(Ak) finite < K < F : F is a quadratic imaginary field.
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[SLETETS LRI (2) iff (3)

X € Irr(G), f = eg(x)

Z(fQ[G])

U(Ag)) — Agpy — Q)
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[SLETETS LRI (2) iff (3)

Definition
A Q-algebra, O is an order in A iff O is a subring of A, its additive group is
finitely generated and O contains a Q-base of A.
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(@) (3

Definition
A Q-algebra, O is an order in A iff O is a subring of A, its additive group is
finitely generated and O contains a Q-base of A.

v

Theorem
A is a Q-algebra, O, O’ orders in A, then:
@ On O isan orderin A;
o [UO): UONO)] <.
Thus, U(O) is finite if and only if U(O') is finite.
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[SLETETS LRI (2) iff (3)

e Z(Z[G]) is an order in Z(Q[G]).

Pablo Miralles Gonzalez CUT groups June 21, 2022 19/33



[SLETETS LRI (2) iff (3)

e Z(Z[G]) is an order in Z(Q[G]).
e ®;Z(f;Z|G]) is an order in Z(Q[G]).
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[SLETETS LRI (2) iff (3)

e Z(Z[G]) is an order in Z(Q[G]).
e ®;Z(f;Z|G]) is an order in Z(Q[G]).

Corollary
U(Z(Z[G])) is finite if and only if ®jU(Z(HiZ[G])) is finite.
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[SLETETS LRI (2) iff (3)

X € Irr(G),f = eg(x)
U(Z(fZ[G])) —— Z(fZ[G]) —— Z(fQ[G])

[

M(AQ(X)) — AQ(X) — Q(X)
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[SLETETS LRI (2) iff (3)

Orders

e Z(fZ|[G]) is an order in Z(fQ[G]).
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[SLETETS LRI (2) iff (3)

Orders

e Z(fZ|[G]) is an order in Z(fQ[G]).

@ Ag(y) is an order in Q(x).

Pablo Miralles Gonzalez CUT groups

June 21, 2022

21/33



Characterisations (2) iff (3)

Orders

e Z(fZ|[G]) is an order in Z(fQ[G]).
® Agy) is an order in Q(x).

@ Q-isomorphisms preserve order structures.
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Characterisations (2) iff (3)

Orders

e Z(fZ|[G]) is an order in Z(fQ[G]).
® Agy) is an order in Q(x).

@ Q-isomorphisms preserve order structures.
U(Z(FZ[G])) —— Z(fZ[G]) — Z(fQ[G])

Ifinite if and only I I

U(AQ(X)) — A@(X) — Q(X)
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[SLETETS LRI (2) iff (3)

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z|G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

@ Foreach ge G and j € N coprime with |G !

gl ~gorgl~gL

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.
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(@) (4

Theorem
G finite group. The following statements are equivalent:
Q@ GisCUT.
@ Z(U(Z[G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

Q Foreach ge G and j € N coprime with |G !

gl ~gorgl~gL.

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.

(3) <= (4) proof by Ritter and Sehgal.
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Characterisations [E)RINEC]

4 — 3.

n = |G|,  primitive n-th root of 1, x € Irr(G) and o € Gal(Q(x)/Q).
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(@) (4

4 — 3.

n = |G|,  primitive n-th root of 1, x € Irr(G) and o € Gal(Q(x)/Q).

o o extends to & € Gal(Q(£)/Q), given by ¢ — & with (j,n) = 1.
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Characterisations (3) iff (4)

4 — 3.

n = |G|,  primitive n-th root of 1, x € Irr(G) and o € Gal(Q(x)/Q).

o o extends to & € Gal(Q(£)/Q), given by ¢ — & with (j,n) = 1.
e X :=coxE€ Irr(G).
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Characterisations (3) iff (4)

4 — 3.

n = |G|,  primitive n-th root of 1, x € Irr(G) and o € Gal(Q(x)/Q).

o o extends to & € Gal(Q(£)/Q), given by ¢ — & with (j,n) = 1.
e X :=coxE€ Irr(G).
° Xx7(g) = x(¢)
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Characterisations (3) iff (4)

4 — 3.

n = |G|,  primitive n-th root of 1, x € Irr(G) and o € Gal(Q(x)/Q).

o o extends to & € Gal(Q(£)/Q), given by ¢ — & with (j,n) = 1.

e X :=coxE€ Irr(G). -
o x7(g8) = x(&) € {x(g), x(g™") = x(&)}-
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Characterisations (3) iff (4)

4 — 3.

n = |G|,  primitive n-th root of 1, x € Irr(G) and o € Gal(Q(x)/Q).

o o extends to & € Gal(Q(£)/Q), given by ¢ — & with (j,n) = 1.

e X :=coxE€ Irr(G). -
o x7(g8) = x(&) € {x(g), x(g™") = x(&)}-

By linear independence of Irr(G)

Gal(Q(x)/Q) < {identity, conjugation}.
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Characterisations [E)RINEC]
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Characterisations [E)RINEC]

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z|G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

Q For each g € G and j € N coprime with |G 1

gl ~gorg/ ~gl.

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.
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Characterisations [MEYNINE)]

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z|G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

Q For each g € G and j € N coprime with |G 1

gl ~gorg/ ~gl.

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.
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Characterisations [MEYNINE)]

G is inverse semi-rational.

For each g € G and h generator of (g), h~ g or h~ g~1.
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Characterisations (4) iff (5)

G is inverse semi-rational.

For each g € G and h generator of (g), h~ g or h~ g~1.
§ if G finite

For each g € G and j € N coprime with o(g), g/ ~ g or g/ ~ g7L.

Pablo Miralles Gonzalez CUT groups June 21, 2022

28/33



Characterisations (4) iff (5)

G is inverse semi-rational.

For each g € G and h generator of (g), h~ g or h~ g~1.
§ if G finite
For each g € G and j € N coprime with o(g), g/ ~ g or g/ ~ g7L.
0
1

For each g € G and j € N coprime with |G|, g/ ~ g or g/ ~ g7 L.
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Characterisations [MEYNINE)]

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z|G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

Q For each g € G and j € N coprime with |G 1

gl ~gorg/ ~gl.

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.
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(5) i (6)

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z[G))) is finite.
@ For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.
Q Foreach g e G and j e N coprime with |G|, g/ ~ g org/ ~ g *.

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.

Q(g) = Qx(g)lx € Irr(G)).
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(5) i (6)

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z[G))) is finite.
@ For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.
Q Foreach g e G and j e N coprime with |G|, g/ ~ g org/ ~ g *.

© G is inverse semi-rational.

O For each g € G, Q(g) is contained in an imaginary quadratic field.

Q(g) = Qx(g)lx € Irr(G)).

Proof by Bachle.
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Characterisations MEYRINEC)]

g€ G, n=o0(g), £ primitive n-th root of 1.
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Characterisations MEYRINEC)]

g€ G, n=o0(g), £ primitive n-th root of 1.

o 0 € Gal(Q(£)/Q) given by £ — & with (j,n) = 1.
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(5) i (6)

g€ G, n=o0(g), £ primitive n-th root of 1.

o 0 € Gal(Q(£)/Q) given by £ — & with (j,n) = 1.
o 7; € Aut((g)) given by g — g/ with (j,n) = 1.
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Characterisations (5) iff (6)

g€ G, n=o0(g), £ primitive n-th root of 1.

o 0 € Gal(Q(£)/Q) given by £ — & with (j,n) = 1.
o 7; € Aut((g)) given by g — g/ with (j,n) = 1.

¢ Gal(Q(§)/Q) — Aut((g))

oj — ¢(oj) = 7;.
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Characterisations (5) iff (6)

g€ G, n=o0(g), £ primitive n-th root of 1.

o 0 € Gal(Q(£)/Q) given by £ — & with (j,n) = 1.
o 7; € Aut((g)) given by g — g/ with (j,n) = 1.

¢ Gal(Q(§)/Q) — Aut((g))

oj —> ¢(0j) = 7.
@ Restricts to

Gal(Q(£)/Q(g)) < {g — hgh~|he Ng((g))}-
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Characterisations MEYRINEC)]

Theorem
G finite group. The following statements are equivalent:
Q@ Gis CUT.
@ Z(U(Z|G))) is finite.
© For each x € Irr(G), Q(x) is contained in an imaginary quadratic
field.

Q For each g € G and j € N coprime with |G 1

gl ~gorg/ ~gl.

© G is inverse semi-rational.

@ For each g € G, Q(g) is contained in an imaginary quadratic field.
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Characterisations EEInIL

Thank you for your attention!
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